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I N a recent paper1 Desmeuzes et al. have considered differ-
ent models of diffusion processes in neutral and ionized gas

mixtures. For diffusion phenomena caused by concentrationgradi-
ents, they investigated four approaches: Fick’s law, a variant called
Blottner’s approximation with species-dependentdiffusion coef� -
cients, Kendal’s approximationin which an approximateexpression
for the system matrix arising in the Stefan–Maxwell–Boltzmann
equations is considered, and � nally, a direct solve of the Stefan–

Maxwell–Boltzmann equations.On the other hand the authors only
considered an empirical approximation to evaluate the thermal dif-
fusioncoef� cientsof the mixture and stated in their conclusionsthat
it was necessary to � nd an accurate and cost-effective expression
for their evaluation.

It appears, however, that the authors are not aware of some new
results concerning mutlicomponent transport algorithms. These re-
sults havebeenpublishedrecentlyin a bookand a seriesof papers2–7

and have been developed mainly in the context of reactive � ow
modeling. However, these results apply to a wide range of appli-
cations, including those considered in Ref. 1. In this Comment we
brie� y summarize the relevantstate-of-the-artmodels fordescribing
multicomponent diffusion. Mathematical, numerical, and physical
aspectsof the problemare addressed.We then comment on the algo-
rithms used in Ref. 1 to model multicomponentmass diffusion, and
in responseto the authors’ conclusionwe also describeaccurate and
cost-effectiveapproximationsfor the thermaldiffusioncoef� cients.

The equations governing multicomponent dilute isotropic gas
mixturesarederivedfromthe kinetictheoryof gasesusinga general-
ized Boltzmann equationand the Enskogexpansion.2,6 In particular,
the species mass conservationequations read

@t ( q Yi ) + r ¢ ( q vYi ) = ¡ r ¢ ( q Yi Vi ) + x i , i 2 [1, n] (1)

where @t and r are the time and space derivative operators, q the
density, Yi the mass fraction of the i th species, v the hydrodynamic
velocity, Vi the diffusion velocity of the i th species, x i its mass

Received 23 March 1998; accepted for publication 2 August 1999. Copy-
right c° 1999 by the American Institute of Aeronautics and Astronautics,
Inc. All rights reserved.

¤ Research Scientist and Applied Mathematics Professor, Ecole Nationale
des Ponts et Chaussées, 6 et 8 av. Blaise Pascal.

†Senior Research Scientist, Centre de Mathématiques Appliquées, Ecole
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production rate, and n the number of species. The species diffusion
velocities read

Vi = ¡ ^
j 2 [1,n]

Di j (d j + v j r log T ), i 2 [1, n] (2)

where D = (Di j )i, j 2 [1,n] is the diffusion matrix, d j the diffusion
driving force for the j th species, and v = ( v i )i 2 [1,n] the thermal
diffusion ratios. The diffusion driving forces are given by

di = r X i + (X i ¡ Yi ) r p +
q

p ^
j 2 [1,n]

Yi Y j (b j ¡ bi ) i 2 [1, n]

(3)
where X i is the mole fraction of the i th species, p the pressure, and
bi the external force acting on the i th species.The thermal diffusion
ratios and the diffusion driving forces sum up to zero, i.e.,

^
i 2 [1,n]

v i = ^
i 2 [1,n]

di = 0

On the other hand, the matrix D satis� es the mass conservation
relations

^
i 2 [1,n]

Yi Di j = 0

implying that

^
i 2 [1,n]

Yi Vi = 0

Moreover, the diffusion matrix is symmetric positive semide� nite
and is positivede� nite on the physicalhyperplaneof zero sum gradi-
ents. These latter properties are closely associated with the entropy
production.2

An alternate de� nition of the species diffusion velocities, as
considered in Ref. 1, involves the thermal diffusion coef� cients
h = ( h i )i 2 [1,n] such that h = D v . From a computational viewpoint
this approach is not so attractive because, as stated next, the ther-
mal diffusionratios are easier to evaluate than the thermal diffusion
coef� cients.3 Note also that the diffusion matrix considered here
relates the mole fraction gradients to the species diffusion veloci-
ties. It is also possible, as in Blottner’s approximation considered
in Ref. 1, to use the mass fraction gradients in the diffusion driv-
ing forces and modify the diffusion matrix accordingly. However,
this new matrix is not naturally associated with the kinetic theory
framework and is no longer symmetric positive semide� nite. These
structure properties are not only of fundamental importance but are
also very useful for a cost-effectiveevaluation of the matrix D.4,5

The diffusionmatrix and the thermaldiffusionratios are not given
explicitly by the kinetic theory, but from the solution of linear sys-
tems. The corresponding system matrices depend on the choice
made for polynomial expansions used to solve approximately the
Boltzmannequations.For thediffusionmatrix the simplestapproach
yields the system matrix D of size n given by

D i j = ¡
X i X j

i j
, i 6= j, D ii =

ĵ 6= i

X i X j

i j
, i 2 [1, n]

(4)
where i j are the species binary diffusion coef� cients. The matrix
D is symmetric positive semide� nite, and introducing the vectors
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U = (1)i 2 [1,n] and Y = (Yi )i 2 [1,n], the matrix D + Y ­ Y is symmet-
ric positive de� nite and we have

D + U ­ U = ( D + Y ­ Y ) ¡ 1 (5)

Note that considering the matrix D + U ­ U instead of just D in
the species conservationequations may suppress arti� cial singular-
ities in discretized equations.8,9 Equivalently, it is also possible to
consider the Stefan–Maxwell–Boltzmann equations providing the
species diffusion velocities

^
j 2 [1,n]

D i j V j = ¡ (di + v i r log T ), i 2 [1, n] (6)

Considering the symmetric positivede� nite matrix D + Y ­ Y for a
direct numerical inversion instead of the nonsymmetric matrix used
in Ref. 1 is computationally more ef� cient because the Choleski
algorithmcan then be used at approximatelyhalf the computational
cost of a standard LU decomposition. Note also that the Cramer
expressionsconsideredin Ref. 1 are much more expensive,even for
a modest number of species.

On the other hand, the evaluation of the thermal diffusion ratios
requires the solution of a symmetric positive de� nite linear system.
The standard approach consists in considering polynomial expan-
sions in both the translational and internal energy of the molecules
and yieldsa systemmatrix of size 2n. A new approachdevelopedby
the authors3 uses polynomial expansions in the total energy of the
molecules and yields a system matrix of size n. The linear system is
detailed in Ref. 3. The resulting thermal diffusion ratios are within
a few percent accuracy of those obtained with the standard method.
The same approach can also be applied to the thermal diffusion co-
ef� cients. The standardand new linear system involve, respectively,
a symmetric positive semide� nite matrix of size 3n and 2n and are
thus larger than those associated with the thermal diffusion ratios.

Based on a tradeoff between costs and accuracy, several strate-
gies may be considered for evaluating the diffusion matrix and the
thermal diffusion ratios. For the diffusion matrix the simplest ap-
proximation is to represent the diffusion driving forces by the mass
fractiongradientsand to assumethat thediffusionmatrix is diagonal.
It is shown in Ref. 8 that this simpli� cation is possible if and only if
all of the binarydiffusioncoef� cients i j , for i, j 2 [1, n] and i 6= j ,
are equal. In this situationwe haveYi Vi = ¡ ( r Yi + v i r log T ) for
i 2 [1, n], where denotes the common valueof the quantities i j .
A similar result is also given in Ref. 8 for mole fraction gradients.
If species-dependentdiffusion coef� cients are to be retained, as in
Blottner’s approximation, it is necessary to add a mass correction
velocity.

A theory for multicomponent transport algorithms has been de-
rived recently.2 First, the mathematical structure of the transport
linear systems has been obtained under very general assumptions.6

In particular, it was proven that all of the transport coef� cients can
be expanded as convergent series.4,5 Accurate approximate expres-
sions are then obtained by truncation. For the diffusion matrix we
consider a splitting of the form D = M ¡ Z and set T = M ¡ 1 Z .
The matrix M is chosen to be symmetric positive de� nite such that
M + Z has the same properties. A projected iterative scheme is in-
troduced in such a way that each iterate satis� es all of the physical
constraints.7 We introduce the projector matrix

P = PY ? ,U = I ¡
U ­ Y

S i 2 [1,n] Yi

where I is the identity matrix, and we point out that the spectral
radius of T is q (T ) =1 while q (PT ) < 1. We then have

D =
1

k̂ = 0

(PT )k P M ¡ 1 P t

and the partial sums

D[l] =
l

k̂ = 0

(PT )k P M ¡ 1 P t , l ¸ 0 (7)

are symmetric, satisfy the mass conservationconstraint,yield a pos-
itive entropy production, and converge toward D as l ! 1 . The
associated diffusion velocities read

V [l]
i = ¡

l

k̂ = 0

(PT )k P M ¡ 1 P t (di + v i r log T ), i 2 [1, n]

(8)
A particularly interesting choice for the matrix M is to take it

diagonal with its elements found by substituting the approximation
D ’ M ¡ 1 in the exact relation D D = P and identifyingthe diagonal
terms, yielding

Mii =
X i

Dm
i

, Dm
i =

S j 6= i
Y j

S j 6= i (X j / i j )
(9)

The diffusion velocities associatedwith the matrix D[0] read V [0]
i =

¡ Dm
i ( r X i + v i r log T ) + Vc , where Vc ensuresmass conservation

and correspond to the well-known Hirschfelder–Curtiss approxi-
mated diffusion velocities with a mass correction velocity.10 As a
result, this well-known approximation has a rigorous justi� cation,
and the mass correction velocity is obtained here as a direct conse-
quence of the projectormatrix P . The next term in the series (7) and
(8), namely D[1] and V [1], has been introduced recently.2,8 From a
computational viewpoint the costs of evaluating the diffusion ve-
locities associated with D[0] or D[1] both scale as a multiple of n2

operations, whereas the costs of the next iterates scale as n3 iter-
ations. The accuracy of the diffusion matrix D[1] has been tested
on several � ame problems. This matrix is thus a highly attractive
alternative to both D[0] and a direct numerical inversion.4,5 It is
more interesting than Kendal’s approximation considered in Ref. 1
because no assumptions on molecular parameters are needed.

The most ef� cient strategy for evaluating the thermal diffusion
ratios is to consider three conjugate gradient iterations for the re-
duced linear system.4,5 The resultingapproximationfor the thermal
diffusion ratios is accurate to within a few percent of the actual so-
lution and is computationallymuch more cost effective than a direct
numerical solve. Speedups of more than an order of magnitudehave
been observed for various � ame problems.5 This result answers a
point raised in the conclusions in Ref. 1 regarding the need for ac-
curate and cost-effectiveapproximationsfor evaluating the thermal
diffusion ratios.

To summarize,it is now possibleto use accurateand cost-effective
approximations in order to model both mass and thermal diffusion
processes in dilute gas mixtures. A general-purpose library imple-
menting the preceding algorithms and optimized for both serial and
vectorarchitecturesis available (Ern, A., and Giovangigli,V., EGlib
server and user’s manual, http://www.cmap.polytechnique.fr/www.
eglib/, 1996).
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