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N a recent paper' Desmeuzes et al. have considered differ-

ent models of diffusion processes in neutral and ionized gas
mixtures. For diffusion phenomena caused by concentration gradi-
ents, they investigated four approaches: Fick’s law, a variant called
Blottner’s approximation with species-dependentdiffusion coeffi-
cients, Kendal’s approximationin which an approximateexpression
for the system matrix arising in the Stefan-Maxwell-Boltzmann
equations is considered, and finally, a direct solve of the Stefan-
Maxwell-Boltzmann equations. On the other hand the authors only
considered an empirical approximation to evaluate the thermal dif-
fusion coefficients of the mixture and stated in their conclusions that
it was necessary to find an accurate and cost-effective expression
for their evaluation.

It appears, however, that the authors are not aware of some new
results concerning mutlicomponent transport algorithms. These re-
sults have been publishedrecentlyin a book and a series of papers®~’
and have been developed mainly in the context of reactive flow
modeling. However, these results apply to a wide range of appli-
cations, including those considered in Ref. 1. In this Comment we
briefly summarize therelevantstate-of-the-artmodels for describing
multicomponent diffusion. Mathematical, numerical, and physical
aspects of the problem are addressed. We then comment on the algo-
rithms used in Ref. 1 to model multicomponentmass diffusion, and
inresponseto the authors’ conclusion we also describe accurate and
cost-effectiveapproximationsfor the thermal diffusion coefficients.

The equations governing multicomponent dilute isotropic gas
mixturesare derived fromthe kinetictheory of gasesusinga general-
ized Boltzmann equationand the Enskog expansion >¢ In particular,
the species mass conservation equations read

2,(pY:) +V -(pvY;) = =V -(pY: Vi) + o, i€fl,n] (1)
where 9, and V are the time and space derivative operators, p the
density, ¥; the mass fraction of the ith species, v the hydrodynamic

velocity, V; the diffusion velocity of the ith species, o; its mass
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productionrate, and n the number of species. The species diffusion
velocities read

Vi=— > Dy(d; +x;ViegT),

Jj€lln]

i €[1,n] )

where D =(D;;); jep, is the diffusion matrix, d; the diffusion
driving force for the jth species, and ¥ =(x;)ieq..) the thermal
diffusion ratios. The diffusion driving forces are given by

di = VX, + (X =V)Vp+ 2 > vy, - b)

Jj€lln]

i €[1,n]

(3)
where X; is the mole fraction of the ith species, p the pressure, and
b; the external force acting on the ith species. The thermal diffusion
ratios and the diffusion driving forces sum up to zero, i.e.,

ZJ{i= Zdi=0

i€[1,n] i€[1,n]

On the other hand, the matrix D satisfies the mass conservation

relations
> v.D;

i€[1,n]

implying that

D YV =0

i€[1,n]

Moreover, the diffusion matrix is symmetric positive semidefinite
and is positivedefinite on the physical hyperplaneof zero sum gradi-
ents. These latter properties are closely associated with the entropy
production?

An alternate definition of the species diffusion velocities, as
considered in Ref. 1, involves the thermal diffusion coefficients
0=(6); e, such that 6 =Dy. From a computational viewpoint
this approach is not so attractive because, as stated next, the ther-
mal diffusionratios are easier to evaluate than the thermal diffusion
coefficients.’ Note also that the diffusion matrix considered here
relates the mole fraction gradients to the species diffusion veloci-
ties. It is also possible, as in Blottner’s approximation considered
in Ref. 1, to use the mass fraction gradients in the diffusion driv-
ing forces and modify the diffusion matrix accordingly. However,
this new matrix is not naturally associated with the kinetic theory
framework and is no longer symmetric positive semidefinite. These
structure properties are not only of fundamental importance but are
also very useful for a cost-effective evaluation of the matrix D.*3

The diffusionmatrix and the thermal diffusionratios are not given
explicitly by the kinetic theory, but from the solution of linear sys-
tems. The corresponding system matrices depend on the choice
made for polynomial expansions used to solve approximately the
Boltzmann equations. For the diffusionmatrix the simplestapproach
yields the system matrix A of size n given by

X X; L, X X;
Ay =- -, i % J, Aii=z D“I,

i ki T

i €[1,n]

“)
where D;; are the species binary diffusion coefficients. The matrix
A is symmetric positive semidefinite, and introducing the vectors
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U=1);enmandY =(Y));eq ., thematrix A + Y ® Y is symmet-
ric positive definite and we have

D+U®U =(A+Y®Y)! 35)

Note that considering the matrix D + U ® U instead of just D in
the species conservationequations may suppress artificial singular-
ities in discretized equations 3° Equivalently, it is also possible to
consider the Stefan-Maxwell-Boltzmann equations providing the
species diffusion velocities

> AV == + 3 ViogT),

Jj€lln]

i €[1,n] (6)

Considering the symmetric positive definite matrix A + ¥ ® Y fora
direct numerical inversioninstead of the nonsymmetric matrix used
in Ref. 1 is computationally more efficient because the Choleski
algorithmcan then be used at approximately half the computational
cost of a standard LU decomposition. Note also that the Cramer
expressionsconsideredin Ref. 1 are much more expensive,even for
a modest number of species.

On the other hand, the evaluation of the thermal diffusion ratios
requires the solution of a symmetric positive definite linear system.
The standard approach consists in considering polynomial expan-
sions in both the translational and internal energy of the molecules
and yields a systemmatrix of size 2n. A new approachdevelopedby
the authors® uses polynomial expansions in the total energy of the
molecules and yields a system matrix of size n. The linear system is
detailed in Ref. 3. The resulting thermal diffusion ratios are within
a few percent accuracy of those obtained with the standard method.
The same approach can also be applied to the thermal diffusion co-
efficients. The standard and new linear system involve, respectively,
a symmetric positive semidefinite matrix of size 3n and 2n and are
thus larger than those associated with the thermal diffusion ratios.

Based on a tradeoff between costs and accuracy, several strate-
gies may be considered for evaluating the diffusion matrix and the
thermal diffusion ratios. For the diffusion matrix the simplest ap-
proximation is to represent the diffusion driving forces by the mass
fractiongradientsand to assume that the diffusionmatrix is diagonal.
Itis shown in Ref. 8 that this simplification is possible if and only if
all of the binary diffusioncoefficients D;;, fori, j € [1, n]andi # j,
areequal.Inthissituationwe have Y; V; = =D(VY; + x;Vlog T) for
i € [1, n], where D denotes the common value of the quantities Dij.
A similar result is also given in Ref. 8 for mole fraction gradients.
If species-dependentdiffusion coefficients are to be retained, as in
Blottner’s approximation, it is necessary to add a mass correction
velocity.

A theory for multicomponent transport algorithms has been de-
rived recently? First, the mathematical structure of the transport
linear systems has been obtained under very general assumptions $
In particular, it was proven that all of the transport coefficients can
be expanded as convergent series.*> Accurate approximate expres-
sions are then obtained by truncation. For the diffusion matrix we
consider a splitting of the form A =M —Z and set T =M~ Z.
The matrix M is chosen to be symmetric positive definite such that
M + Z has the same properties. A projected iterative scheme is in-
troduced in such a way that each iterate satisfies all of the physical
constraints.” We introduce the projector matrix

UeY
z Y;

i€[1,n]

P="P,,=1-

where [ is the identity matrix, and we point out that the spectral
radius of 7' is p(T) =1 while p(PT) < 1. We then have

D= D>.(PT)'PM~'P'
k=0

and the partial sums

!
D= N (PT)'PM~'P', 1 >0 (7

k=0
are symmetric, satisfy the mass conservationconstraint, yield a pos-

itive entropy production, and converge toward D as [ — oo. The
associated diffusion velocities read

l
Vi == > (PTY'PM~'P'(d, + 1, V1ogT),

k=0

i €[1,n]

®

A particularly interesting choice for the matrix M is to take it
diagonal with its elements found by substituting the approximation
D=~ M~!intheexactrelation DA = P and identifyingthe diagonal
terms, yielding

. z .Y
M, = Di Dy = Z; ©)
; 12X D)

The diffusion velocities associated with the matrix D! read VI.[U] =
=D!"(VX; + x;VlogT) + V., where V. ensures mass conservation
and correspond to the well-known Hirschfelder-Curtiss approxi-
mated diffusion velocities with a mass correction velocity.!® As a
result, this well-known approximation has a rigorous justification,
and the mass correction velocity is obtained here as a direct conse-
quence of the projector matrix P. The next term in the series (7) and
(8), namely D!"! and V!, has been introduced recently?® From a
computational viewpoint the costs of evaluating the diffusion ve-
locities associated with DI or D! both scale as a multiple of n?
operations, whereas the costs of the next iterates scale as n® iter-
ations. The accuracy of the diffusion matrix D!!! has been tested
on several flame problems. This matrix is thus a highly attractive
alternative to both D! and a direct numerical inversion*3 It is
more interesting than Kendal’s approximation considered in Ref. 1
because no assumptions on molecular parameters are needed.

The most efficient strategy for evaluating the thermal diffusion
ratios is to consider three conjugate gradient iterations for the re-
duced linear system.*> The resulting approximationfor the thermal
diffusion ratios is accurate to within a few percent of the actual so-
lution and is computationally much more cost effective than a direct
numerical solve. Speedups of more than an order of magnitude have
been observed for various flame problems. This result answers a
point raised in the conclusionsin Ref. 1 regarding the need for ac-
curate and cost-effectiveapproximations for evaluating the thermal
diffusionratios.

To summarize,itis now possibleto use accurateand cost-effective
approximations in order to model both mass and thermal diffusion
processes in dilute gas mixtures. A general-purposelibrary imple-
menting the preceding algorithms and optimized for both serial and
vectorarchitecturesis available (Ern, A., and Giovangigli, V., EGlib
server and user’s manual, http://www.cmap.polytechnique.frivww.
eglib/, 1996).
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